Near-barrier fusion of neutron-rich nuclei was studied within the semiempirical channel coupling model for intermediate neutron rearrangement and within the time-dependent three-body Schrödinger equation. The possibility of neutron transfer with positive Q values considerably increases the barrier penetrability. A huge enhancement of deep sub-barrier fusion probability was found for light neutron-rich weakly bound nuclei (such as 6 He). This may be quite important for astrophysical primordial and supernova nucleosynthesis.
I. INTRODUCTION
The reactions with neutron-rich nuclei have recently received increased interest as well experimentally as theoretically. The possibility to perform experiments with neutron-rich radioactive fission fragments [1] opens new doors for the production and study of new isotopes and, probably, for synthesis of new superheavy elements. Also great efforts have been devoted to studying near-barrier fusion of light weakly bound nuclei [2] [3] [4] [5] [6] [7] . Unusual effects are expected here both from the halo structure of these nuclei and from the specific tunneling mechanism of the composed weekly bound system that is of general interest for quantum theory [8] .
Neutron transfer cross sections are known to be rather large at near-barrier energies of heavy-ion collisions-the result of significant extension of the wave functions of neutrons from the outer nuclear shells (we call them "valence neutrons"). As a consequence there is a prevailing view that coupling with the transfer channels should play an important role in sub-barrier fusion of heavy nuclei. However, if an influence of collective excitations (rotation of deformed nuclei and surface vibrations) on near-barrier fusion of heavy nuclei is well studied experimentally and well understood theoretically, the role of neutron transfer is not so clear.
Such a situation can be explained by a series of difficulties. First, in the experimental study of the effect, one needs to compare the fusion cross sections of different combinations of nuclei, which among other things have different collective properties. Therefore it is not so easy to single out the role of neutron transfer from the whole effect of sub-barrier fusion enhancement. Second, it is very difficult, for many reasons, to take into account explicitly the transfer channels within a consistent channel coupling (CC) approach used successfully for the description of collective excitations in the near-barrier fusion processes. As a result, we are still far from a good understanding of the subject.
Some time ago Stelson et al. [9] proposed an empirical distribution of barriers technique and found that many experimental data may be well described by a flat distribution of barriers with a lower-energy cutoff, which corresponds to the energy at which the nuclei come sufficiently close together for neutrons to flow freely between the target and projectile (neck formation). There is no doubt that flow of neutron matter into or out of the region between the target and projectile regulates somehow the fusion process. However, from recent experiments it becomes clear that the neutron excess may increase the nuclear radius, thus decreasing the height of the Coulomb barrier. But the reduced fusion cross sections (plotted as a function of the ratio of center-of-mass energy to the Coulomb barrier) demonstrate more or less the same behavior at near-barrier region even for very neutron-rich systems like Sn [10] and 38 S + 208 Pb as compared with 32 S + 208 Pb [11] . Moreover, for some combinations fusion of neutron rich isotopes was found to be less probable than fusion of the same nuclei with smaller number of neutrons. For example, sub-barrier fusion probability for strong coupling with the breakup channels. See also the recent review articles on the problem of fusion of weakly bound nuclei [24, 25] .
An experimental situation is also quite uncertain. A significant enhancement was reported for the 6 He + 209 Bi fusion reaction compared to the one expected according to the standard model [2, 3] . The same was also found at first for sub-barrier fusion of 6 He with 238 U as compared with fusion of 4 He [4] . However, it is rather difficult to make an unambiguous interpretation of these results. In the 4, 6 He+ 209 Bi fusion reactions compound nuclei are produced that differ both in excitation energies and decay properties, which makes it difficult to compare directly the yields of evaporation residues. In a fusion-fission reaction such as 6 He + 238 U (with detection of fission fragments only) it is difficult to distinguish the process of complete fusion from other channels contributing to the total yield of the fission fragments. Finally it was concluded that the observed enhanced yield of the fission fragments in this reaction at sub-barrier energies could be attributed mainly to 2n-transfer reactions to the excited states of 240 U (with its subsequent fission) and, thus, there is no enhancement at all of the fusion probability for 6 He [6] . Thus, no matter how surprising it may seem, but until now there is no consensus (neither in theory nor in experiment) on the extent to which the sub-barrier fusion of weakly bound nuclei differs from fusion of ordinary ones.
In this article we study an influence of intermediate neutron rearrangement on the sub-barrier fusion of atomic nuclei. In Sec. II we use the semiempirical channel coupling approach to analyze available experimental data on fusion of neutron-rich nuclei and make some predictions. In Sec. III we solve numerically a time-dependent three-body Schrödinger equation to find more clear answers on the two questions.
(1) What happens with valence neutrons when nuclei approach each other? (2) How influences the rearrangement of valence neutrons on fusion of nuclei? Astrophysical consequences of a possible deep sub-barrier fusion enhancement for light neutron rich nuclei is discussed in Sec. IV.
II. NEUTRON REARRANGEMENT WITH POSITIVE Q VALUE
As mentioned above, for some combinations of nuclei neutron transfers with positive Q value are possible. It is rather difficult (if possible at all) to use the standard CC method for the description of the process of neutron transfer in fusion reactions (partly due to impossibility of a choice of a complete set of the orthogonal basic functions for a decomposition of the total wave function). That is why the semiempirical channel coupling [26, 27] and semiclassical [28] models have been recently proposed to study an influence of neutron transfers on a fusion process. In Ref. [28] it was assumed that the particle transfer degrees of freedom lead only to additional spread of the dissipated energy and play a minor role, whereas the sub-barrier fusion enhancement is mainly due to the adiabatic polarization term caused by the surface vibrations. In contrast with this, in the models proposed in Refs. [26] and [27] it is a gain in energy obtained due to an intermediate neutron transfer with Q > 0, which may additionally increase the sub-barrier fusion probability.
The fusion cross section may be estimated rather accurately using the concept of so-called "barrier distribution function," f (B), arising due to the multidimensional character of the real nucleus-nucleus interaction. The quantum penetrability of the Coulomb barrier is calculated here in the following way: T (E, l) = f (B)P 0 (B; E, l)dB, where P 0 (B; E, l) is the penetration probability of one-dimensional barrier (of height B) at a given center-of-mass energy E and angular momentum l. P 0 may be approximated, for example, by the usual Hill-Wheeler formula [29] .
The barrier distribution function f (B), which satisfies the normalization condition f (B)dB = 1, may be calculated within the consistent CC model [30, 31] using experimental properties of low-lying collective excited states of the nuclei. It may be also approximated basing on the multidimensional nucleus-nucleus interaction V 12 (r; β 1 , θ 1 , β 2 , θ 2 ), where β = {β λ } are the dynamic deformations of the projectile and target (λ = 2, 3, ...) and θ i=1,2 are the orientations of statically deformed nuclei. Such potential energy is shown in Fig. 1 The following expression was proposed in Ref. [32] as the simplest approximation for the barrier distribution function
where B av = (B 1 + B 2 )/2. In the case of spherical colliding nuclei B 1 is the height of the barrier at zero dynamic deformation and B 2 is the height of the saddle point (B 2 = V 12 (r; β at the relative motion angular momentum l in the entrance channel to the final state with Q Q 0 (k), where Q 0 (k) is a Q value for the ground-state-to-ground-state transfer reaction. Then the total penetration probability may be written as [27] T
where
is the normalization constant and α 0 = δ(Q) (fusion without neutron transfer).
In heavy-ion collisions the de Broglie wavelength of relative motion is usually less than the Coulomb barrier distance, R B . In that case a semiclassical approximation may be used, in principle, to estimate roughly the neutron transfer probability. Assuming predominance of sequential neutron transfer mechanism, which means multiplication of transfer probabilities, one get α k (E, l; Q) ∼ e −2ξD(E,l) , where D(E, l) is the distance of closest approach of the two nuclei and
2 and i is the separation energy of the i-th transferred neutron. Experiments show that the transfer probability becomes very close to unity at a short distance between the two nuclei, when their surfaces are well overlapping. We denote this distance by
2 ), where the parameter d 0 has the value of about 1.40 fm. In heavy-ion few-neutron transfer reactions the final states with Q opt ≈ 0 are populated with largest probability due to mismatch of incoming and outgoing waves. The Q window may be approximated by the Gaussian exp (−C[Q − Q opt ]
2 ) with the constant C = R B µ 12 /(4h 2 ξB) [33] , where µ 12 is the reduced mass of the two nuclei. Finally, the transfer probability may be estimated in the following way
2 )dQ} −1 and the second exponent has to be replaced by 1 for
Expression similar to Eq. (2) for the transmission probability (taking into account intermediate neutron transfers) was proposed also in Ref. [26] . The neutron transfer probability term α k (E, l; Q) depending on the incident energy and angular momentum (not only on the Q value) is a distinction in kind between the two models. This term is very important for deep sub-barrier energies when the distance of closest approach D(E, l) is rather large and neutron transfer probability is low. In addition to correct calculation of the effects of neutron transfer on sub-barrier fusion, Eq. (3) may be used also for a reasonable simultaneous description (with the same nucleus-nucleus interaction potential) of the elastic scattering and few neutron transfer angular distributions as well as the total neutron transfer cross sections [27] , which, among other things, significantly reduces uncertainty in the values of the used parameters.
From Eq. (2), one can see that in reactions with negative values of all Q 0 (k) there is no additional enhancement of the total penetration probability of the Coulomb barrier T (E, l) due to the neutron rearrangement, because the "partial" penetration probability P 0 (B; E + Q, l) becomes smaller for negative Q values as compared to Q = 0. It means that intermediate neutron transfers with zero and/or negative Q values (most probable processes) really take place but cannot enhance the penetration probability. If, however, Q 0 (k) are positive for some channels, in spite of the lower transfer probability to the states with positive Q values as compared to Q = 0, the total penetration probability may significantly increase due to a gain in the relative motion energy in the channels with Q > 0. In other words, an intermediate neutron transfer to the states with Q > 0 is, in a certain sense, an "energy lift" for the two interacting nuclei.
At first sight, this interpretation looks quite different from the well-known fusion enhancement due to surface vibrations or rotation of nuclei leading to decrease of potential barrier in some channels. However, if we consider the potential energy of the two interacting nuclei as a function of a number of transferred neutrons, V 12 (r; N) (in addition to other variables), then we will find that the height of the Coulomb barrier for some N = 0 is lower than in the entrance channel ( N = 0) for those nuclear combinations in which neutron transfer with positive Q value is possible. Thus, we may also interpret this effect in the usual way as a lowering of the Coulomb barrier due to the channel coupling (see also the next section).
In Fig. 2 the sub-barrier fusion cross sections are shown for different combinations of colliding nuclei: 18 O + 58 Ni (Q 0 (1n) = +0.96 MeV, Q 0 (2n) = +8.2 MeV) compared with 16 O + 60 Ni (all Q 0 (k) < 0), 40 Ca + 48 Ca (Q 0 (2n) = +2.6 MeV, Q 0 (4n) = +3.9 MeV) compared with 48 Ca + 48 Ca (all Q 0 (k) < 0), and 40 Ca + 96 Zr (Q 0 (1n) = +0.5 MeV, Q 0 (2n) = +5.5 MeV, Q 0 (3n) = +5.2 MeV, Q 0 (4n) = +9.6 MeV) compared with 40 Ca + 90 Zr (all Q 0 (k) < 0). One can see that the sub-barrier fusion probabilities are much higher for the combinations of nuclei where a rearrangement of neutrons with positive Q values is possible. Moreover, for such combinations the standard CC approach cannot properly describe experimental data by any reasonable variation of parameters, whereas for other combinations this method demonstrates very nice agreement with experiment. Additional fusion enhancement here is reproduced quite well if we assume the intermediate rearrangement of valence neutrons and apply Eqs. (2) and (3) for a calculation of the cross sections (see Fig. 2 ). Significant sub-barrier fusion enhancement was found recently also for the 40 
Ca+ 94
Zr combination [34] (similar to 40 Ca + 96 Zr) in which an intermediate neutron transfer (up to four neutrons) with positive Q values is possible too.
As mentioned above, the neutron excess (leading normally to the lowering of the Coulomb barrier due to increase of the nuclear radius) does not lead obligatory to additional sub-barrier fusion enhancement. It was confirmed recently in the experiment on fusion of extremely neutron rich nuclei [10] . The enhancement in the 64 Ni + 132 Sn fusion reaction relative to lighter Sn isotopes was found to be not larger than would be expected due to the larger nuclear radius of 132 Sn and, thus, neutron transfer does not appear to play a major role in the sub-barrier fusion for this system.
132
Sn is really not so much different from 124 Sn. Two-neutron separation energies differ by less than 2 MeV for these nuclei. In this connection, we may expect a noticeable sub-barrier fusion enhancement only for the 64 Ni + 134 Sn combination, in which neutron transfers with rather large positive Q values (Q 0 (1n) = 2.35 MeV, Q 0 (2n) = 8.9 MeV) are possible (obviously, the effect should be even larger for the 58 Ni + 134 Sn combination).
In Fig. 3 Sn were used to find the barrier distribution function f (B) (see Fig. 1 ). As can be seen, the neutron rearrangement significantly increases the sub-barrier fusion cross section only for the 64 Ni Po. Of course, as mentioned above, the probability for neutron transfer to the ground states is rather small, but the total possible gain in energy is very large here as compared with the height of the Coulomb barrier (which is about 20 MeV) and has to reveal itself in the fusion probability of 6 He compared to 4 He. A schematic picture of the described "sequential fusion" mechanism in sub-barrier collision of 6 He with 206 Pb is shown in Fig. 4 taken from [36] . When the colliding nuclei approach, two valence neutrons may be transferred from 6 He to the ground and low-lying states of 208 Pb with a small, but not negligible probability. In that case, the charged core finds itself with kinetic energy well above the Coulomb barrier and may easily fuse with the target. Coupling to the continuum states of weakly bound 6 He nucleus could be also very important (due to a large break-up cross section for 6 He in collisions with heavy targets [37] ), and it is not taken into account by Eq. (2). However recent calculations performed within the CDCC model [23] show that the coupling to the continuum influences the near-barrier fusion cross section (increasing it) with a factor less than 1.5.
The experiment on fusion of 6 He with 206 Pb target was proposed first in Ref. [27] , where the yield of Po isotopes was predicted several orders of magnitude (!) higher as compared with the 4 He + 208 Pb fusion reaction (see Fig. 5 [7] . Long-dashed curve includes the effect of the energy spread of the 6 He beam for the calculated 2n-channel cross sections. Arrows at the energy axis show the corresponding Coulomb barriers for 6 He (left) and 4 He (right) which are very close to each other.
the corresponding experiment has been performed [7] that completely confirmed our expectations. The activation method was used in this experiment in which a stack of six 206 Pb targets, each 600-700 µg/cm 2 thick, with 20-µm Al foils inserted in between to reduce the beam energy from 23 to 13 MeV. It was irradiated with the 6 He beam giving the six data points shown in Fig. 5 . Unfortunately this method gives rather large energy spread of the 6 He beam inside the target. As can be seen from Fig. 5 , at sub-barrier energies the fusion cross section is falling exponentially and the energy spread may distort significantly the experimental data. To estimate this effect we averaged the calculated cross sections for the 2n-channel over the beam width assuming a gaussian distribution with the width of 3 MeV. The result is shown by the long-dashed curve in Fig. 5 . Indeed, at the beam energy of 12.5 MeV this effect increases the cross section almost by two orders of magnitude. Thus, new experiments are very desirable to measure the fusion cross sections in this region more accurately. However, as can be seen from the figure, at deep sub-barrier energies the bare fusion probability of 6 He with lead target is definitely much larger (about 1000 times at 15 MeV) as compared to the fusion of 4 He. Quite recently the cross section for the fusion of 9 Li with 70 Zn was measured at near and sub-barrier energies [39] .
The observed fusion excitation function shows significant sub-barrier fusion enhancement which can not be described within the standard CC calculations. Neutron rearrangement with positive Q values- 9 Li + 70 Zn → 8 Li + 71 Zn(Q 0 = 1.77 MeV) → 7 Li + 72 Zn(Q 0 = 8.62 MeV)-is possible for this reaction which may significantly increase the sub-barrier fusion probability. We performed an analysis of this reaction using the same nucleus-nucleus potential as in Ref. [39] (Woods-Saxon type potential with V 0 = −105 MeV, r 0 = 1.12 fm, a = 0.65 fm). One-dimensional barrier penetration model gives the result shown in Fig. 6 by the dashed curves. Assuming that the lowest excitation energies in 9 Li (2.6 MeV) and 70 Zn (0.88 MeV) correspond to the quadrupole vibrations of these nuclei we calculated the effect of coupling with surface vibrations which is shown in Fig. 6 by the dotted curves. This effect is really not so much and cannot explain the observed fusion enhancement. Then we took into account the effect of neutron rearrangement as described above. Intermediate neutron transfer noticeably increases the sub-barrier fusion probability but still insufficient to describe the deep sub-barrier fusion cross section found in the experiment (see Fig. 6 ). It could be due to more probable "di-neutron" transfer as compared to the sequential neutron transfer used for the calculation of the 9 Li + 70 Zn fusion cross section. Anyhow, fixing all the parameters, we calculated also the cross section for the 11 Li + 68 Zn fusion reaction leading to the same compound nucleus and, thus, to the same evaporation residues. Two-neutron separation energy for 11 Li is only 0.3 MeV and the Q value is extremely large for the transfer of two neutrons to the ground state of 70 Zn, Q 0 (2n) = 15.4 MeV. As a result the sub-barrier fusion cross section for this reaction should be also significantly larger as compared to 9 Li + 70 Zn. Because 10 Li is an unbound nucleus, we assumed here for the two-neutron rearrangement channel a simultaneous transfer of "di-neutron" with the corresponding separation energy 2n = 0.3 MeV. The obtained result is shown in Fig. 6 . Obviously the sub-barrier fusion probability for 11 Li is much larger than for 9 Li. Note that the coupling to the breakup channel may slightly decrease the fusion cross section for 11 Li at above and near-barrier energies. Thus, direct experimental comparison of the yields of the evaporation residues in both reactions at sub-barrier energies is of great interest.
III. MICROSCOPIC ANALYSIS
In spite of rather good agreement with experimental data of the cross sections obtained within the semiempirical approach of "sequential fusion" with intermediate neutron rearrangement [27] , we need to study this problem more carefully on a microscopic basis to understand better the role of valence neutrons in fusion processes (also to check the validity of the semiempirical method which may be easily used for estimations of the fusion cross sections). For that we studied the process of sub-barrier fusion of atomic nuclei within a three-body quantum model (two fusing nuclear cores plus a valence neutron) solving the time-dependent Schrödinger equation. We tried to find clear answers on the two questions: (1) What happens with the valence neutrons when nuclei approach each other? (2) What is the mechanism of the fusion enhancement due to rearrangement of valence neutrons?
Note that a choice of the Jacobi coordinates for numerical solution of the three-body time dependent Schrödinger equation is important. In Fig. 7 two sets of the Jacobi coordinates are shown. Numerical calculations show that the first set of the Jacobi coordinate ( ρ 2(13) , ρ 13 ) is quite appropriate for description of the breakup process. However there is a bad convergence of the results (over the partial waves of relative motion of neutron and target nucleus) if one uses this system of coordinate for the description of neutron transfer and fusion processes. We found that the two-center Jacobi coordinates (r, R) are most appropriate to describe neutron rearrangement and fusion. 
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To answer the first question we solved numerically the timedependent Schrödinger equation ih ∂ ∂t = −h 2 2m 3 r 3 + V n (r 3 ; r 1 (t), r 2 (t)) (r 3 , t), (4) to investigate the evolution of the valence neutron's wave function (r 3 , t) in the field of the two heavy cores (m 1 , m 2 m 3 ) moving along the classical trajectories r 1 (t) and r 2 (t) in the field of V 12 (R) = V C (R) + V N (R) (for nuclear part of this interaction we used the proximity potential [35] ). At R R cont = R 1 + R 2 the neutron potential energy is defined as V n (r 3 ; r 1 , r 2 ) = V 13 (|r 3 − r 1 |) + V 23 (|r 3 − r 2 |). After fusion V n → V CN (|r 3 − r CN |). We define the model potential by the linear interpolation
Note that we solved the Schrödinger equation up to nuclei come in contact. However, we defined the potential energy in the whole space to avoid some nonphysical reflection effects in behavior of the neutron wave function (r 3 , t).
Aiming mainly on a qualitative understanding of the process we disregarded spin of the neutron. For the neutron-core interactions we used the model Woods-Saxon type potentials Zr. This potential energy is shown in Fig. 8 depending on the internuclear distance.
Numerical solution of Eq. (4) is started at t = 0 with the initial conditions r 1 (t = 0), v 1 =ṙ 1 (t = 0), r 2 (t = 0), FIG. 8 . Neutron potential energy in the 40 Ca + 96 Zr system along the internuclear axis at different distances R = 14 fm, R = 12 fm, R = 10 fm, and R = 1 fm (solid, dashed, dot-dashed, and dotted curves, respectively). v 2 =ṙ 2 (t = 0) for heavy cores located at a large distance from each other, |r 1 (0) − r 2 (0)| = R m ∼ 50 fm, where the nuclear interaction is negligible. For the neutron wave function we chose the initial condition corresponding to its bound state in one of the fragments (r 3 
For the Coulomb interaction the values of r 1 (0), v 1 (0), r 2 (0), v 2 (0) can be found in analytical form for a given impact parameter and initial center-of-mass energy of collision [40] .
Due to axial symmetry of the potential energy V n (ρ, z; R) the quasimolecular single particle states may be written as αλ (ρ, z, ϕ; R) = f αλ (ρ, z; R)exp( ± iλϕ) (where λ = |m| is the projection of the angular momentum on the internuclear axis), and the functions f αλ satisfy the equation
which may be solved numerically (see details in Ref. [41] ). Centrifugal potentialh 2 λ 2 /2m 3 ρ 2 in Eq. (7) hinders neutron tunneling through the narrow manhole along internuclear axis (small values of ρ). Thus the neutron transfer decreases with increasing λ and we found that it is most probable just at λ = 0.
The two-center single-particle neutron levels ε αλ (R) (quasimolecular states) are shown in Fig. 9 for collision of 96 Zr with 40 Ca. At deep penetration of the nuclei (R R cont ) ε α,λ (R) increases due to a small decrease of the nuclear volume (we do not care of it here). Of course, it does not occur at slow near-barrier collisions when the nucleons have enough time to reach equilibrium distribution and the shape of mono-nucleus satisfies to volume conservation (adiabatic condition). However, for our calculations it is not important because we do not consider evolution of the system after nuclei come in contact.
We did not decompose the total wave function (r 3 , t) over the molecular states and used them only for analysis of the obtained results (see below). The time-dependent Schrödinger equation (4) was solved directly using the finite difference scheme proposed in Ref. [42] coupled with the fast Fourier transformation. In Fig. 10 the probability density | (r 3 , t)| 2 is shown for the valence neutron initially located in the 2d state of 96 Zr approaching a 40 Ca nucleus in a head-on collision at near-barrier center-of-mass energy E = 97 MeV.
Using this wave function we may estimate a rate of neutron collectivization, that is a probability to find the valence neutron into the volume of the nucleus-acceptor (note that this is not a real transfer probability that has to be determined for well-reseparated nuclei). Such probability can be calculated by an integration of the wave function over the volume of the acceptor nucleus
where the volume ω ≡ {z 1 − z 3 < (R + R 1 − R 2 )/2, |r 3 − r 1 |<R 1 + r}, R = r 1 − r 2 , r ∼ 2 fm and R 1,2 are the radii of the colliding nuclei. Dependence of the neutron collectivization on the distance between the two nuclei is shown in upper part of Fig. 10 . Thus, we may conclude that spreading of the valence neutron's wave function into the volume of the other nucleus takes place before touching of these nuclei and even before the colliding nuclei overcome the Coulomb barrier. Among other things this supports the idea of "sequential fusion" mechanism [27] discussed above. Within the used model the two factors may significantly enhance the fusion probability due to a neutron rearrangement. First, at the barrier region some of the occupied levels may decrease an energy (see Fig. 9 ) and, consequently, decrease the channel adiabatic potential energy V αα (R) = V 12 (R) + ε α (R) − ε α (∞). Second, the transfer of the valence neutron from its initial state α to unoccupied state β also changes the channel potential energy:
The corresponding occupation probability of a given quasimolecular state, p α , may be estimated as a projection of the total wave function onto the quasimolecular single-particle
Thus, the total effective potential energy ∼ β V αβ (R)p β (R) may significantly differ from the initial potential with "frozen" neutrons, V 12 (R), see Fig. 11 . This may lead to an enhancement of the sub-barrier fusion probability and also to a nonuniform energy dependence of the penetration probability (the result of several channel barriers). Of course this is a qualitative explanation because so far we used a classical motion for the variable R. It should be noted also that not included in the model residual nucleon-nucleon interactions may significantly increase the probability of the neutron transfer to unoccupied low-lying states.
To answer the second question one has to consider a full three-body quantum model (including quantum motion and tunneling along the variable R). For simplicity we solved numerically the three-body one-dimensional time dependent Schrödinger equation (keeping in mind a head-on collisions at sub-barrier energies at which the valence neutron only moves in one dimension along the internuclear axis) where r = r 3 − (m 1 r 1 + m 2 r 2 )/(m 1 + m 2 ) is the distance of the valence neutron from the center of mass of two colliding nuclei, 
0 (r) = G 0 (r) − iF 0 (r), G 0 , F 0 are the Coulomb wave functions and for the width of the wave packet, a p , we used the value of 5 fm.
Equation (10) was also solved with the finite difference scheme proposed in Ref. [42] coupled with the fast Fourier transformation. This gives rather high absolute accuracy (∼10 −4 ) and allows one to study the deep sub-barrier fusion processes. Amplitude of the time-dependent wave function (r, R, t) is shown in Fig. 12 Zr to the lower-lying state in 40 Ca splits the wave packet over the R variable (relative motion of the nuclei). The part of the wave packet with the neutron localized in 40 Ca finds itself closer to the barrier (due to a gain in kinetic energy) and overcomes the barrier with higher probability. For a normalized initial condition the barrier penetration probability at the moment t is equal to the total flux overcoming the barrier at R = R B
The total penetration probability is defined as T (E) = limT (t, E)| t→∞ . The barrier penetration probability calculated within the one-dimensional three-body model for the 48 Ca +
96
Zr fusion reaction is shown in Fig. 13 . Both factors, the lowering of the initially occupied valence neutron level in 96 Zr and the possibility for neutron transfer into the unoccupied lower lying state in 40 Ca, play significant role and considerably enhance the sub-barrier fusion of 40 Ca with 96 Zr. Note that for the 96 Zr + 48 Ca nuclear system none of these factors applies: 1f 7 2 level in 48 Ca is fully occupied and this is the reason that the energy of the 2d 5 2 state in 96 Zr does not decrease when these nuclei approach each other. Thus we may definitely conclude that this is a possibility for a "positive Q value" neutron transfer (existence of unoccupied lower lying levels) that leads to the sub-barrier fusion enhancement due to the two factors, namely, lowering of the valence quasimolecular state in one nucleus (usually more neutron rich) and neutron transfer from this state to the lower (unoccupied) state of the other nucleus.
IV. ASTROPHYSICAL ASPECTS
The sub-barrier fusion enhancement for weakly bound neutron rich nuclei can be used, in principle, for the synthesis of new superheavy nuclei in future experiments with accelerated fission fragments. The enhancement effect in deep sub-barrier FIG. 15 . Near barrier cross sections for the 6 He + 12 C (dashed curve assumes sequential neutron transfer whereas solid curve takes into account 2n transfer) and 4 He+ 13 C (dotted curve) fusion reactions. fusion probability of light weakly bound nuclei may be even more important for astrophysical processes. In the standard scenario for the primordial nucleosynthesis (see Fig. 14 ) the unstable weakly bound nuclei (such as 6, 8 He, 8, 9, 11 Li and so on) are intensively produced via (n, γ ) reactions with subsequent β decay to the stable nuclei (see, e.g., Ref. [43] and references therein). At the same time the fusion reactions like 14 C( 4 He, γ ) 18 O play very important role in the nucleosynthesis network used for calculation of heavy-element production [44] .
From the analysis performed above we may predict that the probability for fusion of light weakly bound neutron rich nuclei with stable nuclei at deep sub-barrier energies should be much higher (probably by several orders of magnitude) as compared to fusion of ordinary nuclei. For example, an estimated cross section for the 12 C + 6 He fusion reaction at 1 MeV center-of-mass energy (1n and 2n open channels), shown in Fig. 15 , exceeds by almost two orders of magnitude the cross section for the nonresonance 13 C( 4 He, nγ ) 16 O reaction. This is due to neutron rearrangement which gives extremely large gain in energy for the first reaction. The same obviously holds for the corresponding astrophysical S factors. Note that a similar mechanism of neutron rearrangement may also significantly increases the fusion probability of very light nuclei like 6 He + 3 He. If this prediction will be confirmed experimentally, then the standard scenarios of the primordial and, probably, supernova nucleosynthesis have to be revised to a great extent. Fusion processes of light neutron rich radioactive nuclei, formed with a large probability due to intense neutron flux, may dominate here and have to be included in the whole nucleosynthesis network (at the same level as it is done for 3 H, for example). For a final conclusion one needs to know the corresponding S factors that should be measured experimentally. Among other things, this opens exciting future trends for low-energy studies of nuclear reactions with radioactive beams.
